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II. Solotion by JOHN DOLMAN, Jr , Philadolphia, Penniylvania. 

If the random point be taken upon the circumference of a variable 
circle, concentric with the given circle, the area of the circular "locus" is evi- 
dently always one quarter of this variable circle. Again: As the random points 
are equably distributed over the area of the given circle, the variable circle 
must always increase in area by equal increments, and, as it varies from zero to 
the full area of the given circle, its mean area is, of coarse, half of the given 
circle. Therefore the mean area of tho locus named is one half of one quarter 
or one eighth of the given circle. 

23. Propostd by T. P- MATZ. M. &., Ph. D.. Professor of Mathematics and Astronomy in New 
Windsor Collage, New Windsor. Maryland. 

Find the average area of all the triangles that can be drawn perpendicular- 
sided to a given plane scalene triangle. 

Solution by 9, B- M. ZERR, A. M-, Ph. D., Vioe-President and Professor of Mathematio* and 
Soiencos, Inter State College, Texarkana, Teza*. 

Let A BC, bo the given scalene triangle; EL, FAf, GN the perpen- 
diculars to AC, AB, BC respectively, forming the triangle PQR. Let^4C, 
A be the axes of co-ordinates. Draw BD, ] 
FH, GK perpendicular to A C. 

Let AD=d, BC=e, BD=h, AC=b,' 
AB-c, BC=a, AE=u, AH=v, AK=w. 

Then Fff=hv/d, GK= h -^-^. x=u, 

e 

hv , do dx h(b—w) . (b—d)(x—w) 

are the equations to LE, FM, and GN 

respectively. 
. h s ev+d*ev+w(h s d—d'e+bdfi)—h t db c^eu+a^dw -h s db 
bde ~ bde 

abscissa of Q. Let 4,= area PQR, A= area ABC. 

. A _ A (c'ev+a'dw-A'db—bdeu) * ^eo+^dw—h^db—bdeu) 3 
••^ b*d>e*k* ~* WeT k 

The limits of u are and b; of v, and d; of w, d and b. 

/»* /»<< /** 

III Ajdudvdw 



IS K 



. is the 



•. A- 






dn dv dw 



\ /»» /•<* s*b 
bde-jJJ/* dudvdw 



= teW¥e r hjJ J ( ctm + etdb - Meu y-{^ev-h t bd+a !t d i -bdeuY \dudv 
= ¥iMWhS ' i cte+eih ~ hm ) i -( etb - h ^y-(p i e-h i b+a t d-beuY 



243 



1 



+ (rt t d-h i b-betc)* [du 
1 j ( a s +b * +e*\' /•<z* + c*-J 8 \« fa*+b"- 



120&a*b*c* 



iy_ / ffl»+c'-6* v /« 
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~ 15a T fl*7* "" ^ C0t ^ +cot 5 + cot O'-cot 8 ^-cot* ^--col 5 C )■ 

a'+b'+c* 
~ 48A ' 

The last four expressions are the same and show the beautiful rela* 
tions existing between the terms of the triangle. 

This problem was also solved by F. P. MATZ. His solution Is published In this issue as solution of 
problem 24, that proDlem being Identical with 21 

24. Proposed by F P MATZ, M- Se., Ph. D., Profeisor of M»them»tios and Autonomy in New 
Windior College, New Windsor, M»ryl»nd. 

The average area of the triangle formed by three perpendiculars drawn from 
the sides of the triangle (a, 6, c), is A=(«* +b* +c l ) / 48A. 

Solution by the PROPOSER. 

Let BC=a, CA=b, AB=c, BF=x, CE=y, and AD=z. The 
&MNO is similar to the A ABC; and it may be wholly within, partly within, 
or wholly without, the &ABC. Put lNAD=<I>, 
and LMBD^Q; then AN**(b—y)/ cos (A-4>) 

=z cos^ («), and ND*=z tan^ (/3). By 

means of (a), we have from (0), iV7>= [(J— y) 

— z cos A] / sin A (1). Also, BM=(c—z)/cq% 

(B—tt)=>xsco8 0....(y), and MD**(c-z) tan 
(B—Q) .... (6). By means of (y) we have from (tf), 

MD=\x— {c—z)coaB] / sin B (2). Subtracting 

(2) from (1), we have the expression: 




j.„ bB\nB+c Bin A cobB—( x sin^l + y sin .g-t-gsin (/) 



sin A sin B 



•(3). 



The first two terms in the numerator of (3) may be symmetrically written 
thus: a sin B cos C+b sin Ccos^l-i-c sin A cos B,=i(a sin A+b sin B 
+o sin C) .... (*). Transforming (3) by means of («), we have 



JGV— ( a ~ 2a; ) s » n -<i+(&— 2y)sin jg+(c-2g)sin tf 



■W. 



2 sin ^4 sin B 

Representing the numerator of the right-hand member of (4) by N, 
we have (by symmetry) the expressions: 

JT6>=N / 2- sin C sin A, and OM=V / 2 sin B sin <?; 



